There is evidence that some biological systems, including the brain, can exhibit scale-invariance, a hallmark of a complex system. Scale-invariant behavior reflects the tendency of a complex system to develop organized complexity with both temporal and spatial long-range correlation structures. This study investigates the scale-invariant characteristics of the dynamics of the brain of subjects with epilepsy. Electrocorticogram (ECoG) recordings obtained during different pathological brain states and from different regions of the brain are examined in terms of the spectral exponent using computational analysis based on the wavelet-based representation for 1/f processes. The spectral exponent is moreover validated and compared to the Hurst exponent. Computational results show that the brain of subjects with epilepsy exhibits considerably different scale-invariant characteristics corresponding to the pathological state of the brain. Particularly, the behavior of the brain during seizure activity tends to have shorter-range correlation than that during non-seizure periods.
Introduction
Concepts and computational methods derived for complex systems, including chaos theory, nonlinear dynamics, and fractals, have recently received increasing interest for applications in biology and medicine because physiological signals and systems can exhibit an extraordinary range of patterns and behaviors [1] . The mathematical concept of a fractal is commonly associated with irregular objects that exhibit a property called scale-invariance or self-similarity [1, 2] . Fractal forms are composed of subunits resembling the structure of the macroscopic object [1] , which in nature can emerge from statistical scaling behavior in the underlying physical phenomena [3] . An important class of statistical scale-invariant or self-similar random processes is the 1/f processes [3] .
There is evidence that some biological systems can exhibit scale-invariant or scale-free behavior, in the sense that they do not have a characteristic length or time scale that dominates the dynamics of the underlying process [4] [5] [6] . Fractal properties of different biological systems can be significantly different in their nature, origin, and appearance [4] , where scale-invariant or scale-free behavior is a tendency of a complex system to develop long-range correlations in time and space [7] [8] [9] .
Even though it is well accepted that the dynamics of the brain are inherently complex, the activity of the brain can exhibit intriguing temporal patterns that are important as correlates of information processing [10] . For example, collective synchronized oscillations at various frequencies as measured by electroencephalogram (EEG) are believed to reflect functional states of the brain and cognitive processes [11] [12] [13] and exhibit characteristics of scale-invariant dynamics [10] . Scale-invariant characteristics are often the result of the self-organizing or self-regulating characteristics of complex systems with nonlinearly couplings [10] .
A traditional mathematical model and the empirical properties of 1/f processes have largely been inspired by the fractional Brownian motion framework [3, 14, 15] as developed by Mandelbrot and van Ness [16] . In general, models of 1/f processes are represented using a frequency-domain characterization. The dynamics of 1/f processes exhibit power law behavior [17] and can be characterized in the frequency domain by
. Wavelet-based representations for 1/f processes have been developed [3, 14] . As the wavelet transform is a natural tool for characterizing self-similar or scale-invariant signals, wavelet transformations are commonly used in the study of self-similar signals and systems [3] . The spectral exponent  that specifies the distribution of power from low to high frequencies of 1/f processes can be characterized in terms of the slope of the log-variance of the wavelet coefficients versus scale graph.
The Hurst exponent H is the most common quantitative measure used for characterizing the long-range correlation or the self-similarity of signals. There are a number of methods for estimating H. The most commonly used method for estimating H is rescaled range (R/S) analysis [18] . Another commonly used method is the detrended fluctuation analysis (DFA) [19] . The DFA is a conventional and robust method for estimating H. These methods are based on random walk theory [20] . The Hurst exponent is in the range 0 < H < 1. When 0 < H < 0.5, the process is considered to have short-range correlation [21] . This indicates that an increase in the process is most probably followed by a decrease and vice versa (antipersistence). The process is considered to have long-range correlation when 0.5 < H < 1 (persistence). This indicates that an increase in the process is most probably followed by an increase and vice versa [21] . A value of H = 0.5 indicates that the signal is uncorrelated.
This study investigates the scale-invariant or self-similar characteristics of the dynamics of the brain of subjects with epilepsy. Electrocorticogram (ECoG) or intracranial EEG recordings of subjects with epilepsy obtained during different pathological states (ictal and interictal states) and from different regions of the brain are examined using computational analysis based on the wavelet-based representation for 1/f processes [3, 14] . Three different types of wavelet base are used. The computational results show that the spectral exponents of the ECoG data vary corresponding to the wavelet bases. More importantly, it is observed that the ECoG data associated with different pathological states of the brain or different regions of the brain exhibit considerably different scale-invariant or self-similar characteristics. The computational results therefore suggest that the scale-invariant characteristics of the dynamics of the brain of subjects with epilepsy as quantified by the ECoG data obtained within and outside the epileptogenic zone are slightly distinct. Also, the dynamics of the brain of subjects with epilepsy associated with different pathological states of the brain behave differently.
The spectral exponents of the ECoG data associated with different pathological states of the brain and different regions of the brain are moreover compared to the Hurst exponents estimated using various computational algorithms. The Hurst exponent provides an alternative to the long-range correlation that is closely related to the terms of the self-similarity or the scale-invariant behaviors. It is thus used to verify the computational results obtained using the wavelet-based fractal analysis. Even though the Hurst exponents estimated using the various computational algorithms are different, their interpretations are consistent. The spectral exponents and the Hurst exponents generally lead to identical conclusions; that is, the dynamics of the brain during epileptic seizure activity tend to be less scale-invariant or self-similar than those during nonseizure periods and the dynamics of the neuronal networks of the brain particularly within the epileptogenic zone tend to be less scale-invariant or self-similar than those of the neuronal networks of the brain outside the epileptogenic zone.
Materials and methods

Discrete wavelet transform
The discrete wavelet transform (DWT) is a representation of a signal x(t)L 2 using a countably-infinite set of wavelets that constitute an orthonormal basis [22] . The synthesis and analysis representations of the DWT of the signal x(t) can be respectively expressed as [22] :
and
where (t) is a given function, the mother wavelet, and {d m,n } are the wavelet coefficients. A family of wavelets { m,n (t)} is obtained as normalized dilations and translations of the mother wavelet [23, 24] :
where m and n are the dilation and translation indices, respectively. The mother wavelet (t) is localized in both time and frequency [25] . For larger scales 2 m , the wavelet  m,n (t) is a stretched version of the mother wavelet corresponding to low frequency content, whereas for smaller scales 2 m , the wavelet  m,n (t) is a contracted version of the mother wavelet corresponding to high frequency content. From a signal processing point of view, the orthonormal wavelet transform can be interpreted as a generalized octave-band filter bank [14, 15] because the mother wavelet (t) is typically an impulse response of a bandpass filter. The orthonormal wavelet transform can also be interpreted in the context of multiresolution analysis (MRA) [24] .
1/f processes
In general, models of 1/f processes are represented using a frequency-domain characterization. The dynamics of 1/f processes exhibit power-law behavior [17] and can be characterized in the form [14] :
over several decades of frequency , where
Fourier transform of the signal x(t) and  is the spectral exponent. An increase in the spectral exponent  that specifies the distribution of spectral content from low to high frequencies leads to sample functions with smoother temporal patterns [3, 14] .
Wavelet-based representation for 1/f processes
The wavelet-based representation for 1/f processes developed in a previous study [14] is presented in the following theorem.
Theorem 1: [14] Consider any orthonormal wavelet basis with
Rth-order regularity for some R ³ 1. Then, the random process constructed via the expansion. (6) for some parameter 0 < g < 2R, has a time-averaged spectrum
that is nearly 1/f, i.e.
< ¥, and has an octave-spaced ripple, i.e., for any integer k :
Here, () denotes the Fourier transform of the mother wavelet (t). Accordingly, from Theorem 1, the spectral exponent  of a 1/f process can be determined from the linear relationship between log 2 -var d m,n and level m. The spectral exponent can then be given by:
The spectral exponent  of a 1/f process is directly related to the self-similarity (Hurst) parameter H [3, 14, 15] : 2H + 1.
Experimental data
The ECoG data of epilepsy patients examined in this experiment were obtained from the Department of Epileptology, University of Bonn (available online at http://epileptologiebonn.de/cms/front_content.php?idcat = 193) and originated from a previous study [26] . There are three ECoG data sets, referred to as sets C, D, and E, respectively, which were recorded using intracranial electrodes from five epilepsy patients who had achieved complete seizure control after resection of one of the hippocampal formations [26] . The epileptogenic zones of the epilepsy patients were correctly diagnosed. The ECoG data of set C were recorded from the hippocampal formation of the opposite hemisphere of the brain from where the seizure was thought to have originated. The ECoG data of sets D and E were recorded from within the epileptogenic zone. Further, the data in sets C and D corresponds to ECoG signals during interictal (non-seizure periods) and the ECoG data in set E was recorded during seizure (ictal) activity. The ECoG data of sets C and D were recorded using depth electrodes implanted symmetrically into the hippocampal formations and the ECoG data of set E were recorded using strip electrodes implanted onto the lateral and basal regions of the neocortex. The scheme of implanted intracranial electrodes can be found elsewhere [26] . Each ECoG data set contains 100 epochs of a singlechannel ECoG signal recorded with a 128-channel amplifier system using an average common reference (omitting electrodes containing pathological activity) [26] . The length of each epoch is 4096 samples (about 23.6 seconds). These epochs were selected and cut out from continuous multi-channel ECoG data recordings after visual inspection for artifacts, including muscle activity and eye movements [26] . In addition, the epochs of the ECoG signal satisfied the weak stationarity criterion given in a previous study [26] . The ECoG data were sampled with 12-bit analog-to-digital conversion and a sampling rate of 173.61 Hz. The ECoG data have a spectral bandwidth of between 0.5 and 85 Hz. Examples of the ECoG signals for each data set are depicted in Fig. 1 . 
Analytic framework
In the computational experiments, three types of wavelet base were used, namely Haar wavelets (also known as 1 st -order The ECoG signals were decomposed into 6 levels, i.e., m = 1, 2, …, 6. The corresponding spectral subbands of the wavelets at levels m = 1, 2, …, 6 are in the ranges, approximately, of higher than 43. Fig. 3 . These spectral subbands cover nearly all spectral components of the ECoG signals. The spectral exponent  of the ECoG signals is determined by computing the slope of the log 2 -var of the wavelet coefficients versus the levels m plot [3, 14] using the least squares estimator. Furthermore, the spectral exponent  of the ECoG signals is compared to the Hurst exponent H, which is a common quantitative measure for characterizing self-similarity or longrange correlation. The Hurst exponent H is computed using three computational tools. The first Hurst exponent, referred to as HURST (obtained from http://ideas.repec.org /c/wuu/hscode/ m11003.html), is computed using the R/S analysis [18] , corrected for small sample bias [27] [28] [29] , and the second Hurst exponent, referred to as DFA (obtained from http:// ideas.repec.org/c/wuu/hscode/m11002.html), and the third Hurst exponent, referred to as MFDFA [30] (obtained from www.ntnu.edu/inm/geri/software), are computed using DFA.
Results and discussion
The log 2 -var of wavelet coefficients
The mean and the standard deviation (SD) of the log 2 -var of the wavelet coefficients of the ECoG signals of data sets C, D, and E obtained using the Haar, the 6 th -order Daubechies, and the discrete Meyer wavelet bases are summarized in Tables 1, 2 and 3, respectively. In addition, the mean values of the log 2 -var of the wavelet coefficients of the ECoG signals of data sets C (), D (), and E () obtained using the Haar, the 6 th -order Daubechies, and the discrete Meyer wavelet bases are respectively shown in Figs. 4(a)-4(c) . It is observed that the log 2 -var of the wavelet coefficients of the ECoG signals of all data sets tends to increase from a lower level to a higher level. At any level, the log 2 -var of the wavelet coefficients of the ECoG signals of data set E tends to be higher than those of data sets C and D.
Spectral exponents of epileptic ECoG signals
The spectral exponents of the ECoG signals of data sets C, D, and E obtained using the Haar, the 6 th -order Daubechies, and the discrete Meyer wavelet bases are compared in box plots in Table 4 . In general, when the Haar wavelet bases or the 6 th -order Daubechies wavelet bases are used, the spectral exponent of the ECoG signals of data set E tends to be higher than those of data sets C and D, and that of data set D tends to be slightly lower than that of data set C. For discrete Meyer wavelet bases, the spectral exponents of the ECoG signals of data sets C, D, and E are relatively identical. The one-way analysis of variance (ANOVA) was used to determine whether there are statistically significant differences among the means of spectral exponents of the ECoG signals of data sets C, D, and E. The results are summarized in Table 5 . These results suggest that there are significant differences among the means of spectral exponents of the ECoG signals of data sets C, D, and E when the Haar wavelet bases or the 6 th -order Daubechies wavelet bases are used. Further, it is shown that the mean of the spectral exponents of the ECoG signals of data set E is significantly different from those of data sets C and D, and those of data sets C and D are not significantly different from each other (p = 0.0001). In contrast, for the discrete Meyer wavelet bases, there are no statistically significant differences among the means of the spectral exponents of the ECoG signals of data sets C, D, and E. Note that the spectral exponents of the ECoG data obtained using the discrete Meyer wavelet bases are higher than those obtained using the 6 th -order Daubechies wavelet bases (that have lower vanishing moments and regularity than those of discrete Meyer wavelet bases). Also, the spectral exponent of the ECoG data obtained using the 6 th -order Daubechies wavelet bases is higher than that obtained using the Haar wavelet bases (that have lower vanishing moments and regularity than those of the 6 th -order Daubechies wavelet bases). This is according to Theorem 1, which states that the spectral exponent is in the range 0 < g < 2R. However, in terms of classification, the Haar wavelet bases provide the best capability for epileptic seizure classification because the spectral exponents of the ECoG signals obtained during seizure activity (data set E) using the Haar wavelet bases are farthest from those obtained during non-seizure periods (data sets C and D) among the three wavelet bases.
Comparison between the Spectral Exponent and the Hurst Exponent
The Hurst exponents of the ECoG signals of data sets C, D, and E computed using HURST, DFA, and MFDFA are compared in box plots in Figs Table 6 . It is shown that the Hurst exponents of the ECoG data computed using different computational tools are slightly different. The tendencies of the distinction of Hurst exponents among the ECoG signals of data sets C, D, and E for the different computational tools are however the same. The Hurst exponent of the ECoG signals of data set E tends to be lower than those of data sets C and D, and that of data set D tends to be lower than that of data set C. The one-way ANOVA results suggest that there are statistically significant differences among the means of Hurst exponents of the ECoG signals of data sets C, D, and E computed using HURST, DFA, and MFDFA, as shown in Table 7 . Also, it is shown that the mean of the Hurst exponent of the ECoG signals of data set E is significantly different from those of data sets C and D, and that the difference between the means of the Hurst exponent of the ECoG signals of data sets C and D is not significant (p = 0.0001). Table 6 . Statistical values of the Hurst exponents of ECoG data. Figure 6 compares the adjusted Hurst exponent, i.e., 2H + 1, computed using HURST (plotted on right-hand side) to the spectral exponent of the ECoG signals of data sets C, D, and E obtained using the 6 th -order Daubechies wavelet bases (plotted on left-hand side). Note that the 6 th -order Daubechies wavelet bases provide the spectral exponents of the ECoG signals that are closest to the adjusted Hurst exponents among the three wavelet bases examined. This shows that the spectral exponent and the Hurst exponent are clearly connected.
The computational times for the spectral exponents obtained using the Haar, the 6 th -order Daubechies, and the discrete Meyer wavelet bases are on average 0.0121, 0.0119, and 0.0126 seconds per epoch, respectively. Also, the computational times for the Hurst exponent computed using HURST, DFA, and MFDFA are on average 0.0275, 3.8117, and 1.6729 seconds per epoch, respectively. This clearly shows that the computational time for the spectral exponent is substantially less than that for the Hurst exponent.
Conclusion
The scale-invariant or self-similar characteristics of the dynamics of the brain of subjects with epilepsy as quantified by the ECoG data were examined in terms of fractal properties, i.e., the spectral exponent . The spectral exponents of ECoG data associated with different pathological states of the brain (ictal and interictal states) and different regions of the brain (within and outside the epileptogenic zone) were computed using the wavelet-based representation for 1/f processes [3, 14] . Three types of mother wavelet base, namely the Haar wavelets, the 6 th -order Daubechies wavelets, and the discrete Meyer wavelets, which have different regularities and vanishing moments, were evaluated. Even though the spectral exponents varied according to the mother wavelet bases used, the computational results show that the spectral exponents of ECoG data associated with different pathological states of the brain or different regions of the brain are considerably different. This suggests that the brain of subjects with epilepsy behaves differently corresponding to the pathological state of the brain or the region of the brain.
In particular, the computational results show that the spectral exponent  of the ECoG signals obtained during seizure activity is significantly lower than that obtained during non-seizure periods. This implies that the ECoG signals obtained during seizure activity tend to be less scale-invariant or self-similar than those obtained during non-seizure periods. Accordingly, the behavior of the brain of subjects with epilepsy during seizure activity tends to exhibit shorter-range correlation than that during non-seizure periods. It was also observed that the ECoG signals obtained during seizure activity tend to exhibit a dominant scale. Furthermore, the dynamics of the brain of subjects with epilepsy during seizure activity seem to be anti-persistent and the dynamics of the brain of subjects with epilepsy during non-seizure periods seem to be persistent. This indicates that during seizure activity, the dynamics of the brain of subjects with epilepsy tend to be less complex than those during non-seizure periods.
In addition to the spectral exponent , the ECoG data associated with different pathological states of the brain and different regions of the brain were examined in terms of the Hurst exponent H estimated using various computational methods. The computational results of the spectral exponents and the Hurst exponents are generally consistent. In addition, in a previous study [31] , the spectral exponent  was compared to the correlation dimension D 2 and it was found that the results are comparable. The computational time of the spectral exponent estimated using the wavelet-based fractal analysis is substantially lower than that of the Hurst exponent because there exist fast computational algorithms for the wavelet transform. This makes the waveform transform become more practical for implementation.
